Abstract. The classification of local Galois representations using (ϕ, Γ)-modules by Fontaine has been generalized by Kisin and Ren [8] over Lubin-Tate extensions of local fields using the theory of (ϕq, ΓLT )-modules. We extend the work of Herr [6] by introducing a complex which allows us to compute cohomology over Lubin-Tate extensions and compare it with Galois cohomology groups. That complex is further extended to include certain non abelian extensions. We also generalize the notion of (ϕq, ΓLT )-modules over coefficient rings and build up to show the equivalence with Galois representations over R. This allows us to generalize our results to the case of coefficient rings.
Introduction
Let K be a field complete with respect to a discrete valuation whose residue field k is finite of characteristic p, where p is a fixed prime. In other words, K is a local field and we denote by G K = Gal(K/K) the local Galois group. Recall that a Z p -adic representation of G K is a Z p -module of finite rank equipped with a linear and continuous action of G K .
Fontaine [5] introduced an approach to understand the category of Z p -adic representations of G K . In the equal characteristic case, he constructed a category of étale ϕ-modules over K and using some elementary techniques, he proved that the category of étale ϕ-modules over K is equivalent to the category of Z p -adic representations of G K . Then using the theory of field of norms due to Fontaine and Wintenberger [16] , the mixed characteristic case was deduced from the equal characteristic case. In this case the category of Z p -adic representations of G K is equivalent to the category of étale (ϕ, Γ)-modules.
For the Witt ring W (k), let O E be the p-adic completion of W (k)((u)) with field of fractions E, K ∞ be the cyclotomic Z p -extension of K inK, H K = Gal(K/K ∞ ) and Γ = G K /H K = Gal(K ∞ /K). Then one can define the action of a Frobenius ϕ on O E and also an action of Γ. Then an étale ϕ-module over O E is a finite rank O E -module with a bijective semi-linear operator ϕ. An étale (ϕ, Γ)-module over O E is an étale ϕ-module over O E together with a continuous and semi-linear action of Γ commuting with the action of ϕ.
The well-known work of Colmez, Berger, Wach, and many others has centered on the case when K ∞ is the cyclotomic Z p -extension of K. It was desired to extend these ideas to obtain a classification of G K representations on finite Z p -modules.
In [8] , Kisin and Ren generalized Fontaine's theory over the Lubin-Tate extensions. They defined G to be a Lubin-Tate formal group over a finite extension K/Q p . For n ≥ 1, let K n ⊂ K be the subfield generated by the π n -torsion points of G, where G corresponds to the uniformizer π ∈ O K . These fields K n 's are defined as Lubin-Tate extensions of K. Define K ∞ = ∪ n≥1 K n and Γ LT = Gal(K ∞ /K). They obtained a classification of G K -representations on finite O Kmodules via (ϕ q , Γ LT )-modules with respect to Lubin-Tate extensions where (ϕ q , Γ LT )-modules are (ϕ, Γ)-modules for Lubin-Tate extensions.
In this paper, first we extend the equivalence of categories of Kisin and Ren [8, Theorem 1.6 ] to the category of discrete π-primary abelian groups with continuous action of G K and we show that this category is equivalent to the category of injective limits of π-torsion objects in the category of étale (ϕ q , Γ LT )-modules (Corollary 3.5). Using this equivalence, we generalize the Herr complex [6] to the Lubin-Tate extensions and we call it the Lubin-Tate Herr complex (see Definition 1). Then we have the following theorem:
Theorem A (=Theorem 3.16). For a discrete π-primary abelian group V with a continuous action of G K , we have a natural isomorphism
) for all i ≥ 0. The cohomology groups on right side are computed using the Lubin-Tate Herr complex defined for (ϕ q , Γ LT )-modules corresponding to V .
We further extend the equivalence of categories of Corollary 3.5 over certain non-abelian extensions and then we generalize the Lubin-Tate Herr complex for (ϕ q , Γ LT )-modules to (ϕ q , Γ LT,F T )-modules over non-abelian extensions and we call it False-Tate type Herr complex (see Definition 2) . In this case we deduce the following theorem: In the second part, we generalize the above results to the case of coefficient rings. Recall that a coefficient ring is a complete local Noetherian ring with finite residue field.
Fontaine's construction was generalized by Dee [2] to the case of a general complete Noetherian local ring R whose residue field is a finite extension of F p . He extended Fontaine's [5] results to give an understanding of the category of R-modules of finite type with a continuous R-linear action of G K . More precisely, he constructed a category of étale ϕ-modules (resp. (ϕ, Γ)-modules) over K parameterized by R and proved that this category is equivalent to the category of Rlinear representations of G K in the equicharacteristic case (resp. mixed characteristic case) ([2, Theorem 2.1.27 and Theorem 2.3.1]). The category of étale ϕ-modules (resp. (ϕ, Γ)-modules) is defined to be a module of finite type over the completed tensor product O E⊗Z p R with actions of ϕ (resp. ϕ and Γ) as in case of Fontaine. The main point of the proof is the Lemma 2.1.5. and Lemma 2.1.6. in [2] . To prove the equivalence of categories stated above, he used Fontaine's [5] results for the case when the representation V has finite length and for the general case he extended it by taking the inverse limits.
We extend Kisin and Ren's result ([8, Theorem 1.6]) to give a classification of the category of R-representations of G K . We construct a category of étale (ϕ q , Γ LT )-modules over the completed tensor product O E⊗O K R, where the ring O E is constructed using the periods of Tate-module of G. Then using the methods of [2] we prove that this category is equivalent to the category of R-representations of G K .
Theorem C (=Theorem 6.10). The functor
is an equivalence of categories, with quasi-inverse functor
The above theorem gives us a classification of R-representations of a local Galois group in terms of étale ϕ q -modules in case of equal characteristic. The construction of these functors is explained in section 6.1.
Theorem D (=Theorem 6.12). The functor D R is an equivalence of categories between Rep R (G K ) the category of R-linear representations of G K and Mod
This theorem gives us a classification of R-representations of a local Galois group in terms of étale (ϕ q , Γ LT )-modules in case of mixed characteristic. For details see section 6.2.
This construction is also compatible with the extension of scalars for an arbitrary local homomorphism of complete Noetherian local rings R → S.
We also have a generalization of Theorem A to the case of coefficient ring. In this case, we have the following theorem:
Theorem E (=Theorem 7.2). For a discrete m R -primary abelian group V with a continuous action of G K , we have a natural isomorphism
) for all i ≥ 0. Organization of the paper: This paper consists of seven sections. The second one introduces some standard results of Lubin-Tate extensions which are needed for rest of the paper. In section 3, we generalize Herr complex for Lubin-Tate extensions and compute Galois cohomology groups using that complex which appears as Theorem 3.16. In the next section we extend the complex defined in section 3 over certain non abelian extensions which helps us to prove Theorem 4.8. Then in section 5 we record some basic results of coefficient rings. In section 6, we generalize Kisin and Ren's Theorem [8, Theorem 1.6] for coefficient rings that allows us to generalize our Theorem 3.16 over the coefficient rings which comes as Theorem 7.2 in section 7.
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Some basic results of Lubin-Tate modules
In this section we recall some basic results of Lubin-Tate modules. For a local field K, let O K be the ring of integers of K with the maximal ideal m K . Let π be a prime element of K and k = O K /m K be its residue field with characteristic p. Assume that #k = q, where q is a power of p. LetK be the algebraic closure of K with ring of integers OK and maximal ideal mK.
A Lubin-Tate module over
Let G be a formal O K -module. Then the set mK together with the operations
gives rise to an O K -module in the usual sense, which we denote by mḠ. Now consider
These field extensions are called Lubin-Tate extensions. The extension K n /K is totally ramified abelian extension of degree q n−1 (q−1) with Galois group Gal(
. (See [11, Chapter III, Theorem 7.4]). The above isomorphism fits into the commutative diagram
By passing to the projective limits we obtain the isomorphism
Galois Cohomology over Lubin-Tate Extensions
Let K be a local field of characteristic 0. Then K is finite extension of Q p and is complete with respect to a discrete valuation with residue field k which is perfect of characteristic p > 0. Assume that p is odd prime. In this section we compare (ϕ q , Γ LT )-modules with the continuous Galois cohomology groups.
First we recall the construction of equivalence of categories of [8, Theorem 1.6] . For this, let W = W (k) be the ring of Witt vectors over k and
] be the field of fractions of W . Then K 0 is maximal unramified extension of Q p contained in K. Let O K be the ring of integers of K and π be its uniformizer and #k = q = p r . Fix an algebraic closureK of K with ring of integers OK and set
Let G be the Lubin-Tate group over K corresponding to the uniformizer π. Fix a local coordinate X on G so that the Hopf algebra O G may be identified with
← − OK/p, where the transition maps being given by the Frobenius ϕ. We may also identify R with lim ← − OK/π with the transition maps given by the q-Frobenius ϕ q = ϕ r . The ring R is a complete valuation ring and it is perfect of characteristic p. The fraction field FrR of R is a complete, algebraically closed non-archimedean perfect field of characteristic p.
Evaluation of X at π-torsion points then induces a map ι :
There is a unique map {} : R → W (R) K such that {x} is a lifting of x and ϕ q ({x}) = [π] G (x). Moreover {} respects the action of G K and for v ∈ T G, we have
The action of G K on {ι(T G)} factors through Γ LT and for any γ ∈ Γ LT ,
Proof. The lemma follows from [8, Lemma 
] with a subring of W (R) K by sending u to {ι(v)} by using Lemma 3.1.
Let
Then O E is complete discrete valuation ring with uniformizer π and residue field k((u)). Since W (R) is p-adically complete, we may view
Let O E ur ⊂ W (F rR) K denote the maximal integral unramified extension of O E . We denote by O E ur the π-adic completion of O E ur , which is again a subring of W (F rR) K . Write E, E ur and E ur for the field of fractions of O E , O E ur and O E ur respectively. These rings are all stable under the action of ϕ q and G K . Moreover, the G K -action factors through Γ LT .
Then following lemma is an easy consequence of the definition of O E ur .
Proof. Since we have an exact sequence
by dévissage we deduce the exact sequence
Here the projective system {O K /π n O K } n≥1 has surjective transition maps, therefore passing to projective limit is exact and gives us an exact sequence
Next we recall this lemma from [8, Lemma 1.4].
Lemma 3.3. The residue field of O E ur is a separable closure of k((u)). There is a natural isomorphism
The subring O E ⊂ W (F rR), which is constructed using the periods of T G is naturally a Cohen ring for X K (K). More details can be found in [8, §1] .
, then by Lemma 3.3, we have 
We are now going to introduce the category of (ϕ q , Γ LT )-modules over O E . Objects in this category are ϕ q -modules equipped with an O E -semi linear action of Γ LT commuting with ϕ. We say that a (ϕ q , Γ LT )-module is étale if its underlying ϕ q -module is étale.
Here G K acts on O E ur as before and acts via
Then we have the following result which is established in [KR] .
and Mod
denotes the category of discrete π-primary abelian groups with continuous action of G K . Firstly we extend the functor D LT to the category Rep
As both the tensor product and taking H K -invariant commutes with the filtered direct limits, the functor D LT commutes with the filtered direct limits. Therefore D LT is an exact functor into the category lim − → Mod
The functor V LT commutes with the direct limits. Then by taking direct limits in Theorem 3.4 we have the following corollary:
Corollary 3.5. The functors D LT and V LT are quasi-inverse equivalence of categories between Rep
is a quasi-isomorphism of co-chain complexes where V [0] denotes the complex with V in degree 0 and 0 everywhere else.
Proof. Since the complex Φ • (E sep ) is acyclic in non-zero degrees with 0th cohomology equal to k, the augmentation map
is also a quasi-isomorphism as each term in both complexes is a flat O K /π n -module. If V is finite abelian π-group then it is killed by some power of π and we have
Since V is free O K /π n -module, the tensoring is exact. Thus tensoring (3.1) with V , we have
is a quasi-isomorphism. As the direct limit functor is exact, the general case is deduced by taking direct limits.
Proof. By dévissage, we are reduced to the case n = 1, i.e., we only need to prove that
But this is a standard fact of Galois cohomology.
Proof. Assume that V is finite. By definition,
and are acyclic objects for the H K -cohomology. Then by Lemma 3.6, we have
commutes with the filtered direct limits, the general case follows by taking the direct limits.
Let ∆ denotes the torsion subgroup of Γ LT and H * K denotes the kernel of the quotient map
Since p is odd, the order of ∆ is prime to p so the p-cohomological dimension of ∆ is zero. Then the isomorphism H * K /H K ∼ = ∆ gives the short exact sequence
The result follows from Hochschild-Serre spectral sequence together with Proposition 3.8.
Since Γ * LT is torsion free, we can assume that Γ *
Let X be the set of generators of Γ * LT . Let A be an arbitrary representation of the group Γ * LT . Then consider the co-chain complex Γ
where for all 0 ≤ r ≤ |X| − 1 the map d
: A → A from the component in the rth term corresponding to {i 1 , · · · , i r } to the component corresponding to the (r + 1)-tuple {j 1 , · · · , j r+1 } is given by
where s is the number of elements in the set {i 1 , · · · , i r } smaller than j.
Moreover if A is a discrete abelian group with continuous action of Γ * LT , then we have
Proof. Consider a short exact sequence
of representations of Γ * LT . Then we have a short exact sequence of co-chain complexes
The long exact sequence of (3.3) gives maps
) is a cohomological δ-functor. The second part follows from the fact that the action of Γ * LT on A factors through a finite quotient. Since the classes of the elements of γ i (i ∈ X) generates finite quotients of
). Proposition 3.11. Let A be a discrete π-primary abelian group on which Γ * LT acts continuously.
LT is topologically generated by < γ 1 , γ 2 > and Γ * γ 1 be the subgroup of Γ * LT generated by γ 1 and Γ * γ 2 the quotient of Γ * LT by Γ * γ 1 . Now assume that A is an injective object in the category of discrete π-primary abelian groups with continuous action of Γ * LT . We denote by Γ • γ i (A) the co-chain complex
) and there is a spectral sequence 
is an injective object in the category of discrete π-primary abelian groups with continuous action of Γ * γ 2 . Now by using step 1 and step 2 of [12, Proposition 2.1.7] the spectral sequence degenerates at E 1 and Γ • LT (A) is acyclic in non-zero degrees with zeroth cohomology isomorphic to H 0 (Γ * LT , A).
The general case follows from dimension shifting by using the above step. Since Γ * LT has finite number of generators, the proposition follows by using induction on number of generators. Now we define a complex namely Lubin-Tate Herr complex, which is a generalization of the Herr complex [6] .
) and we call it the Lubin-Tate Herr complex for M .
Explicitly for the cases d = 2 and 3, the complexes look like as in the following examples. 
Example 3.13. For d = 3, the complex ΦΓ • LT (M ) is defined as follows:
Clearly the Lubin-Tate Herr complex ΦΓ • LT (M ) depends on the choice of generators of Γ * LT . Proposition 3.14. The Galois cohomology groups computed using the Lubin-Tate Herr complex are independent of the choice of generators of Γ * LT . Proof. For proving this, we are going to use induction on the number of generators of Γ * LT . Assume that Γ * LT has only two generators γ 1 and γ 2 . Let Γ * LT =< γ 1 , γ 2 > be another set of generators. Since
, it is easy to check that the diagram
is commutative. By passing to the cohomology it induces a natural isomorphism of 
. Then we have a short exact sequence of co-chain complexes
The long exact sequence of (3.5) gives maps
to the category of abelian groups. For the second part, we know that by definition
Since ϕ q acts trivially on V and it commutes with the action of G K , we have:
. Therefore we have a natural transformation
Then by Proposition 3.9, the augmentation map
K is injective as discrete representation of Γ * LT . Therefore by using Proposition 3.11,
is a quasi isomorphism. Then the spectral sequence gives the following isomorphism
has enough injectives, the general case follows from Lemma 3.15 by dimension shifting.
Galois cohomology over extensions of False-Tate type
For any
, then the extensionK/K is not Galois. Suppose L := K ∞K , the extension L/K is Galois. Moreover L/K is arithmetically profinite Then due to [16] we can consider the field of norms for this extension. The field F rR contains the field of norms E := N (L/K) in a natural way and Gal(K/L) ∼ = Gal(E sep /E). We can simply take O E to be the cohen ring of E. Then O E ur is the completion of the integral closure of O E with residue field E sep in F rR. Now by applying the same theory for Γ LT,F T := Gal(L/K) what we explained in section 3, we have the following theorem:
Remark 4.2. The extensionK is not the canonical one. We can also defineK as follows:
This has already been considered by Herr [7] . 
Then we have the following corollary. Let Γ * LT =< γ 1 , γ 2 , · · · , γ d > as Z p -module and γ be a topological generator of Gal(L/K ∞ ). We can lift γ 1 , γ 2 , · · · , γ d to the elements of Gal(L/K). Then Γ * LT,F T is topologically generated by γ 1 , γ 2 , · · · , γ d and γ with the relations γ i γ = (γ ) a i γ i such that a i ∈ Z p where a i = χ LT (γ i ) for all i = 1, · · · , d and χ LT is the Lubin-Tate character. Let A be an arbitrary representation of the group Γ * LT,F T and let X denotes the set of generators of Γ * LT,F T . Then consider the complex
where for all 0 ≤ r ≤ |X | − 1 the map d
where s is the number of elements in the set {i 1 , · · · , i r } smaller than j. We explicitly write the complex Γ • LT,F T (A) in case of d = 2 and d = 3. 
forms a cohomological δ-functor. Moreover for a discrete π-primary abelian group A with continuous action of Γ * LT,F T , the complex Γ • LT,F T (A) computes the Γ * LT,F T -cohomology of A. 
is defined as following:
where
Now by taking cohomology of the complex ΦΓ • LT,F T (−), we can define a cohomological functor
to the category of abelian groups and we have the following theorem.
, the proof follows as in the proof of Theorem 3.16.
Next we give a generalization of Theorem 3.4 and Theorem 3.16 to the case of any complete local Noetherian ring whose residue field is finite extension of F p . For this first we recall some basic definitions and results from [2] .
Background on Coefficient Rings
In this section we recall some basic results on coefficient rings.
Definition 3.
A coefficient ring R is a complete Noetherian local ring with finite residue field k R of characteristic p, i.e., k R is a finite extension of F p .
A coefficient ring R has a natural pro-finite topology with a base of open ideals given by the powers of its maximal ideal m R . In other words,
Definition 4.
A coefficient ring homomorphism is a continuous homomorphism of coefficient rings R → R such that the inverse image of the maximal ideal m R is the maximal ideal m R ⊂ R and the induced homomorphism on residue fields is an isomorphism.
Remark 5.1. Let W (k R ) be the ring of Witt vectors of k R . Then the coefficient ring R with residue field k R is naturally equipped with a continuous coefficient ring homomorphism W (k R ) → R. Thus a coefficient ring R is naturally a topological W (k R )-algebra. However, the map W (k R ) → R need not be injective [10] .
The following is what we shall mean by p-rings for the purpose of this paper.
Definition 5.
A p-ring is a complete discrete valuation ring whose valuation ideal is generated by a prime element.
Let R and S be arbitrary rings and I ⊂ R, J ⊂ S be two ideals. Assume that R and S are both T -algebras for some third ring T . Definition 6. The completed tensor product R⊗ T S is defined as the completion of R ⊗ T S with respect to the (I ⊗ S + R ⊗ J)-adic topology.
If O is a p-ring and R is a coefficient ring then we write
where O K is finite extension of Z p . Then by [2, Proposition 1.2.3.], O R is a complete Noetherian semi-local ring. But its residue field may not be finite as there is no restriction on the residue field of O.
Suppose that R and S are two coefficient rings and O is a p-ring (or indeed any local ring with residue field of characteristic p). If θ : R → S is a ring homomorphism then it induces
If θ is local, then we know that Proposition 5.3. Let A be a Noetherian, semi-local commutative ring with unity and m A be the radical (intersection of all maximal ideals) of A then A/m n A is Artinian for all n ≥ 1. Proof. We prove this by induction on n. For n = 1, using Chinese Remainder theorem, we have
The map is natural projection map. Now each A/m i is Artinian being a field as each m i is maximal ideal of A. So right hand side of (5.1) is Artinian being the finite direct sum of Artinian rings. Therefore A/m A is Artinian and result is true for n = 1. Suppose the result is true for n − 1. For general n, the result follows from the exact sequence 6. An Equivalence of Categories over Coefficient Rings 6.1. The Characteristic p Case. Let E be a local field of characteristic p > 0. Recall that the Cohen ring C(E) is the unique (up to isomorphism) absolutely unramified discrete valuation ring of characteristic 0 with residue field E. Let O E be the Cohen ring C(E) of E and E be the field of fractions of O E . Then
and
The field E is of characteristic 0, with a complete discrete valuation, whose residue field is E and whose maximal ideal is generated by π. Moreover, If E is another field with the same property then there is a continuous homomorphism ι : E → E of valued fields inducing identity on E and ι is always an isomorphism. If E is perfect then O E may be identified with the ring W (E) of Witt vectors with coefficients in E and ι is unique. So, we have a p-ring O E of characteristic zero with fraction field E and residue field E. Fix a choice of E.
For any homomorphism f : E → F of fields of characteristic p, then by using the functoriality of Cohen rings [4, Theorem A.45] there is a unique local homomorphism C(E) → C(F ) which induces f on the residue fields. Then for any finite separable extension F of E there is a unique unramified extension E F = Frac C(F ) of E whose residue field is F . Moreover, if F/E is Galois then E F /E is also Galois with Galois group Gal(E F /E) = Gal(F/E).
Let E sep be the separable closure of E, then
where S runs over the finite extensions of E contained in E sep . If F, F ∈ S and F ⊂ F , then E F ⊂ E F . Define
Then E ur is a Galois extension of E and there is an identification of Galois groups
Let O E ur be the ring of integers of E ur . Then O E ur is a strict Hensalization of O E with field of fractions E ur and O E ur has a valuation induced from O E and the valuation ring in the completion E ur of E ur is a p-ring with residue field E sep , a separable closure of E. Write O E ur for this ring and G E acts by continuity on E ur . From now on R will always denote the coefficient ring, unless stated otherwise.
Remark 6.1. Let K be a p-adic field with residue field k such that card(k) = q. Since E is a local field of characteristic p and the residue field of E has cardinality q therefore E ∼ = k((π)) and we have O K → O E . Suppose that O E is equipped with a lift of q-Frobenius: a ring homomorphism ϕ q such that
Define the rings
Assume that ϕ q is flat. By tensoring with R we deduce an R-linear homomorphism
generated by m R , clearly ϕ q maps this radical to itself.
Lemma 6.3. The induced homomorphism
Proof. Since ϕ q is flat by our assumption, the proof follows from Proposition 5.2.
The q-Frobenius on O E extends uniquely by functoriality and continuity to a q-Frobenius on O E ur and then to a flat homomorphism from O ur R to itself as in Lemma 6.3. Definition 7. An R-representation of G E is a finitely generated R-module with continuous, R-linear action of G E .
Let Rep R (G E ) denotes the category of R-linear representations of G E .
which is semi-linear with respect to the morphism ϕ q . Now we define a functor from
where G E acts diagonally. Then D R (V ) carries the structure of an O R -module since multiplication by O R onÔ ur R ⊗ R V is G E -equivariant. The q-Frobenius ϕ q on O ur R acts G E -equivariantly. We extend the definition of q-Frobenius to O ur R ⊗ R V as follows :
R and v ∈ V, and we have
So it induces a ϕ q -semi linear homomorphism
Usually we write ϕ := ϕ D R (V ) for our convenience.
and we have the following lemma.
Lemma 6.5. Suppose V ∈ Rep R (G E ) such that m n R V = 0 for some n, then as O K -modules we have
Proof. Since V is finite as an R-module and m n R V = 0 so V must be finite as O K -module as R has finite residue field. Hence
The last equality follows from the fact that O E ur is complete and V is finitely generated as O K -module. Therefore taking G E -invariant we get the desired result.
Note that using the same lines we can prove the similar results as in section 2.1 in [2] even if we replace the absolute Frobenius with q-Frobenius. Thus the functor D R is an exact and faithful functor and it commutes with restriction of scalars and inverse limits. Moreover, for V ∈ 
Let M be an étale ϕ q -module. We may view
We often write ϕ q ⊗ ϕ M rather than ϕ O ur R ⊗ O R M for our convenience. Define the G E -action on it by
which is a sub R-module stable under G E . Thus the association M → V R (M ) extends in a natural way to a functor from Mod ϕq,ét /O R to the category Rep R (G E ). Next, without any extra work using [2, Proposition 2.1.21.] we can easily prove that the functor V R commutes with inverse limits. Lemma 6.6. Let V be an R-representation of G E . Then ϕ q ⊗ id V − id is a surjective homomorphism of abelian groups acting on O ur R ⊗ R V .
Proof. Suppose m R V = 0. The map
is surjective since for all λ ∈ E sep the polynomial x q − x − λ is separable. Since k R is finite extension of F p and ϕ q acts trivially on k R , this means
is also surjective. Since ϕ q − id is continuous so
is the residue field of O ur R . Also V is free over k R and ϕ q acts on
Then by dévissage,
Artinian for all n and V n has finite length so Mittag-Leffler condition holds for O ur R /m n R ⊗ R V n . Therefore by passage to the inverse limits the result holds for general V .
To prove the next proposition, we need analogous result of Lemma 6.5 which can be easily proved.
The above lemma shows that the functor V R commutes with restriction of scalars.
Proposition 6.8. Let M be an étale ϕ q -module. Then ϕ q ⊗ϕ M −id is a surjective homomorphism of abelian groups on O ur R ⊗ O R M . Proof. Let M be an étale ϕ q -module. If M has finite length, i.e., m n R M = 0, then by Lemma 6.7 we have the following isomorphism of O K -modules
Moreover this isomorphism respects the action of ϕ q ⊗ϕ M , therefore by Lemma 6.6, the map ϕ q ⊗ϕ M −id is surjective on O ur R ⊗ O R M n . The general case follows by passage to the limits. Proposition 6.9. The functor V R is an exact functor.
Proof. Let 0 → M → M → M → 0 be an exact sequence of étale ϕ q -modules. Then we have the following commutative diagram
By applying the Snake lemma we have an exact sequence
Using Lemma 6.8 we know that the map ϕ q ⊗ ϕ M − id is a surjective homomorphism acting on O ur R ⊗ O R M , therefore the last term vanishes and we have exact sequence
Thus the functor V R is exact.
Similarly for an étale ϕ q -module M , it follows from [2, Proposition 2. 
Since the action of ϕ q ⊗ ϕ M on V is trivial so there is map
For finite length modules the above map is an isomorphism. By taking the inverse limits the map will be an isomorphism for any V . Therefore we have the isomorphism V R (D R (V )) → V. Similarly we can show that the map
is an isomorphism. Moreover, we have the isomorphism
Therefore D R (V R (M )) → M is an isomorphism and this proves the theorem. Let V be a finite-dimensional R-representation of G K . Then
is a ϕ q -module over O R . The action of G K on O ur R ⊗ R V induces a semi linear action of G K /H K = Γ LT = Gal(K ∞ /K) on D R (V ). We are thus led to introduce the category of (ϕ q , Γ LT )-modules over K. Objects in this category are ϕ q -modules equipped with an O R -semi linear action of Γ LT commuting with ϕ. We say that a (ϕ q , Γ LT )-module is étale if its underlying ϕ q -module is étale.
Write Mod ϕq,Γ LT ,ét /O R for the category of étale (ϕ q , Γ LT )-modules over O R . Then D R yields a functor from the category of R-linear representations of G K to the category of (ϕ q , Γ LT )-modules over O R .
If M is a (ϕ q , Γ LT )-module, then consider the G K -representation:
Here G K acts on O ur R as before and acts via Γ LT on M . The diagonal action on O ur R ⊗ O R M is ϕ q ⊗ ϕ M -equivariant, it induces a G K action on V R (M ).
If V is an R-representation of G K , there is a canonical R-linear homomorphism of representations of G K , V → V R (D R (V )). By Theorem 6.10 this is an isomorphism when restricted to H K , it must be an isomorphism of G K -representations. Similarly, if M is an étale (ϕ q , Γ LT )-module, the canonical homomorphism of (ϕ q , Γ LT )-modules M → D R (V R (M )) is an isomorphism. Indeed the underlying map of ϕ q -modules is an isomorphism using Theorem 6.10 and this proves the following theorem. 
Galois Cohomology over the coefficient Ring
In this section we give a generalization of Theorem 3.16 to the case of coefficient ring. For this, first we extend the functor D R to the category Rep 
